Invariants of long knots by Kashaev, Rinat
ar
X
iv
:1
90
8.
00
11
8v
1 
 [m
ath
.Q
A]
  3
1 J
ul 
20
19
INVARIANTS OF LONG KNOTS
RINAT KASHAEV
Dedicated to Nikolai Reshetikhin on the occasion of his 60th birthday
Abstract. By using the notion of a rigid R-matrix in a monoidal category
and the Reshetikhin–Turaev functor on the category of tangles, we review
the definition of the associated invariant of long knots. In the framework
of the monoidal categories of relations and spans over sets, we illustrate the
construction and the importance of consideration of long knots by introducing
racks associated with pointed groups. Else, by using the restricted dual of
algebras and Drinfeld’s quantum double construction, we show that to any
Hopf algebra H with invertible antipode, one can associate a universal long
knot invariant ZH (K) taking its values in the convolution algebra ((D(H))
o)∗
of the restricted dual Hopf algebra (D(H))o of the quantum double D(H) of
H. That extends the known constructions of universal invariants in the case
of finite dimensional Hopf algebras.
Introduction
This paper is mostly a review of certain aspects of quantum invariants where
we restrict ourselves exclusively to the context of long knots. We describe in detail
the construction of invariants of long knots by using rigid R-matrices (solutions
of the quantum Yang–Baxter relation) in monoidal categories. The importance of
long knots (as opposed to usual closed knots) is illustrated by considering a general
class of group-theoretical R-matrices put into the context of monoidal categories
of relations and spans over sets. These R-matrices are indexed by pointed groups
that is groups with a distinguished element. The underlying racks seem not to be
considered in the existing literature.
Drinfeld’s quantum double construction gives rise to a large class of rigid R-
matrices, and the associated invariants get factorized through universal invariants
associated to underlying Hopf algebras. Such universal invariants were introduced
and studied in a number of works [14, 9, 10, 13, 2, 6] mostly in the context of finite
dimensional Hopf algebras. Here, we define the universal invariants with minimal
assumptions on the underlying Hopf algebras. In particular, we emphasize the case
of infinite dimensional Hopf algebras.
The outline of the paper is as follows.
In section 1 we recall the definitions of long knots and their diagrams and intro-
duce the notions of a normal diagram and a normalization of an arbitrary diagram.
In section 2 we recall the definition of a rigid R-matrix in a monoidal category
and give a detailed description of a long knot invariant associated to a given rigid
R-matrix.
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In section 3 we consider a special class of rigid R-matrices in the categories of
relations and spans over sets. Each such R-matrix is associated to a pointed group
with a canonical structure of a rack, and Theorem 2 identifies the associated invari-
ant with the set of representations of the knot group into the group that underlies
the rack. The example of an extended Heisenberg group gives rise to an invariant
ideal in the polynomial algebra Q[t, t−1, s] closely related but not equivalent to the
Alexander polynomial, at least if the latter admits higher multiplicity roots.
In section 4, based on the restricted dual of an algebra and Drinfeld’s quan-
tum double construction, we describe a universal invariant associated to any Hopf
algebra with invertible antipode.
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1. Long knots
Definition 1. An embedding f : R→ R3 is called long knot if there exist a, b ∈ R
such that f(t) = (0, 0, t) for any t < a or t > b.
Two long knots f, g : R → R3 are called equivalent if they are ambient isotopic,
that is if there exists an ambient isotopy
(1) H : R3 × [0, 1]→ R3 × [0, 1], H(x, t) = (ht(x), t), h0 = idR3 ,
such that, for any t ∈ [0, 1], ht ◦ f is a long knot and g = h1 ◦ f .
A long knot is called tame or regular if it is equivalent to a polygonal long knot.
An (oriented) long knot diagram D is a (1,1)-tangle diagram in R2 representing
a tame long knot
(2) D = D .
Two long knot diagrams are called (Reidemeister) equivalent if they can be re-
lated to each other by a finite sequence of oriented Reidemeister moves of all types.
Remark 1. The set of long knot diagrams is a monoid with respect to the com-
position
(3) D ◦D′ :=
D
D′
Remark 2. In the case of long knots, the Reidemeister theorem states that two
long knot diagrams are equivalent if and only if the corresponding long knots are
equivalent. Furthermore, a folklore theorem states that the natural map of long
knot diagrams to closed oriented knot diagrams
(4) D 7→ D
induces a bijection between the respective Reidemeister equivalence classes. In
particular, any invariant of long knots is also an invariant of closed knots.
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In what follows, we will always assume that a long knot diagram is put into a
generic position with respect to the vertical axis so that all crossings have non-
vertical strands as in the letter X. We denote by w(D) the writhe of D defined as
the number of positive crossings minus the number of negative crossings where a
crossing is called positive if the ordered pair of tangent vectors (voverpass, vunderpass)
induces the standard orientation of R2.
Definition 2. A (long knot) diagram is called normal if it has no local extrema
(with respect to vertical direction) oriented from left to right like and .
To any diagram D, we associate its normalization D˙, the diagram obtained from
D by the replacements
(5) 7→ , 7→ .
It will be of special interest for us the normal long knot diagrams
(6) ξ+ := , ξ− := , ξn :=

if n = 0;
ξsgn(n) ◦ · · · ◦ ξsgn(n)︸ ︷︷ ︸
|n| times
if n 6= 0
where n ∈ Z, sgn(n) := n/|n| and we identify the signs ± with the numbers ±1.
Remark 3. Any normal long knot diagram has an even number of crossings. In
particular, we have w(ξn) = 2n.
2. Invariants of long knots from rigid R-matrices
We say an object G of a monoidal category C (with tensor product ⊗ and unit
object I) admits a left adjoint if there exists an object F and morphisms
(7) ε : F ⊗G→ I, η : I→ G⊗ F
such that
(8) (ε⊗ idF ) ◦ (idF ⊗η) = idF , (idG⊗ε) ◦ (η ⊗ idG) = idG .
In that case, the quadruple (F,G, ε, η) is called adjunction in C.
Definition 3. Let C be a monoidal category. An R-matrix over an object G ∈ Ob C
is an element r ∈ Aut(G⊗G) that satisfies the Yang–Baxter relation
(9) (r ⊗ idG) ◦ (idG⊗r) ◦ (r ⊗ idG) = (idG⊗r) ◦ (r ⊗ idG) ◦ (idG⊗r).
Definition 4. Let (F,G, ε, η) be an adjunction in a monoidal category C. An
R-matrix r over G is called rigid if the morphisms
(10) r˜±1 := (ε⊗ idG⊗F ) ◦ (idF ⊗r
±1 ⊗ idF ) ◦ (idF⊗G⊗η)
are invertible.
We also denote
(11) r˜±1 := (ε⊗ idF⊗F ) ◦ (idF ⊗r˜±1 ⊗ idF ) ◦ (idF⊗F ⊗η).
Associated to a rigid R-matrix r over G, the Reshetikhin–Turaev functor RTr
associates to any normal long knot diagram D the endomorphism RTr(D) : G→ G
obtained as follows.
Assuming that the non-trivial part of D is contained in R × [0, 1], there exists
a finite sequence of real numbers 0 = t0 < t1 < · · · < tn−1 < tn = 1 such that,
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for any i ∈ n, the intersection Di := D ∩ (R× [ti, ti+1]) is an ordered (from left to
right) finite sequence of connected components each of which is isotopic relative to
boundary either to one of the four types of segments
(12) , , ,
or to one of the eight types of crossings
(13) , , , , , , , .
To such an intersection, we associate a morphism fi in C by taking the tensor
product (from left to right) of the morphisms associated to the connected fragments
of Di according to the following rules:
(14) 7→ idG, 7→ idF , 7→ ε, 7→ η,
(15) 7→ r, 7→ r−1,
(16) 7→ r˜, 7→ r˜−1,
(17) 7→ ˜˜r, 7→ r˜−1,
(18) 7→
(
r˜−1
)−1
, 7→ (r˜)−1.
The morphism RTr(D) : G→ G associated to D is obtained as the composition
(19) RTr(D) := fn−1 ◦ · · · ◦ f1 ◦ f0.
Theorem 1 ([15, 14, 8]). Let r be a rigid R-matrix over an object G of a monoidal
category C. Then, for any long knot diagram D, the element
(20) Jr(D) := RTr(D˙ ◦ ξ
−w(D˙)/2) ∈ End(G)
depends on only the Reidemeister equivalence class of D.
Outline of the proof. Let ∼˙ be the equivalence relation on the set of normal long
knot diagrams generated by the oriented versions of the Reidemeister moves RII
and RIII and the moves R0± defined by the pictures
(21)
R0+
←→ ,
R0−
←→
with two possible orientations for the straight segment and two possibilities for the
crossing. First, one shows the implication
(22) D∼˙D′ ⇒ RTr(D) = RTr(D
′)
which ensures the invariance of Jr(D) under all Reidemeister moves RII and RIII,
and then one verifies the invariance under the Reidemeister moves RI. 
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3. Rigid R-matrices from racks
Let Set be the monoidal category of sets with the cartesian product as the
monoidal product, and Rel (respectively Span) the extension of Set with mor-
phisms given by binary relations (respectively equivalence classes of spans). For a
morphism Z : X → Y in Rel or Span, and any (x, y) ∈ X × Y , we denote
(23) Z(x, y) := s−1(x) ∩ t−1(y)
where
(24) s : Z → X, t : Z → Y
are the corresponding set-theoretical projections to the domain X and codomain Y
of Z. We have a canonical monoidal functor
(25) ̟ : Span→ Rel
which is identity on the level of objects and for any morphism Z : X → Y in Span,
the corresponding morphism in Rel is given by
(26) ̟(Z) = {(x, y) ∈ X × Y | Z(x, y) 6= ∅}.
Notice that if Z is a relation (as a particular case of spans) then ̟(Z) = Z.
Given a set theoretical map f : X → Y , its graph
(27) Γf := {(x, f(x)) | x ∈ X} ⊂ X × Y
is naturally interpreted as a morphism ρ(f) in Rel and a morphism σ(f) in Span.
The advantage of the categoriesRel and Span over Set is their rigidity, namely,
for any setX , the diagonal ∆X := ΓidX , interpreted as morphisms εX : X×X → {0}
and ηX : {0} → X × X in Rel and Span, gives rise to a canonical adjunction
(X,X, εX , ηX) both in Rel and Span.
Let X be a (left) rack [4, 16, 7, 12], that is a set with a map
X2 → X2, (x, y) 7→ (x · y, x ∗ y),
such that the binary operation x · y is left self-distributive
x · (y · z) = (x · y) · (x · z), ∀(x, y, z) ∈ X3,
and
x ∗ (x · y) = y, ∀(x, y) ∈ X2.
It is easily verified that for any rack X , the set-theoretical map
r : X2 → X2, (x, y) 7→ (x · y, x),
is a rigid R-matrix in the categories Rel and Span. Moreover, all the relevant
morphisms are realised by set-theoretical maps. Indeed, introducing the maps
r′, s, s′ : X2 → X2, r′(x, y) = (y, y · x), s(x, y) = (x ∗ y, x), s′(x, y) = (y, y ∗ x),
we obtain
r−1 = r˜ = s′, (r˜)−1 = r, r˜−1 = ˜˜r = s, (r˜−1)−1 = r˜−1 = r′.
Thus, we obtain two long knot invariants Jρ(r)(D) in Rel and Jσ(r)(D) in Span
which are related to each other by the equality
(28) Jρ(r)(D) = ̟(Jσ(r)(D)).
6 RINAT KASHAEV
3.1. Racks associated to pointed groups. Let (G,µ) be a pointed group that
is a group G and µ ∈ G a fixed element. Then, it is easily verified that the set G
with the map
(29) G×G→ G×G, (g, h) 7→ (gµg−1h, gµ−1g−1h)
is a rack, and, thus, it gives rise to a rigid R-matrix
(30) rG,µ : G×G→ G×G, (g, h) 7→ (gµg
−1h, g),
both in the categories Rel and Span. In this way, we obtain two long knot invari-
ants Jρ(rG,µ)(D) and Jσ(rG,µ)(D) related to each other by the equality
(31) Jρ(rG,µ)(D) = ̟(Jσ(rG,µ)(D)).
Theorem 2. There exists a canonical choice of a meridian-longitude pair (m, ℓ) of
long knots such that the set (Jσ(rG,µ)(D))(λ, 1) is in bijection with the set of group
homomorphisms
(32) {h : π1(R
3 \ f(R), x0)→ G | h(m) = µ, h(ℓ) = λ}
where f : R→ R3 is a long knot represented by D.
Proof. Let f : R→ R3 be a long knot whose image under the projection
(33) p : R3 → R2, (x, y, z) 7→ (y, z).
is the diagram D˜ := D˙ ◦ ξ−w(D˙)/2 with linearly ordered (from bottom to top) set of
arcs a0, a1, . . . , an. As a result, the set of crossings acquires a linear order as well
{ci | 1 ≤ i ≤ n} where ci is the crossing separating the arcs ai−1 and ai and with
the over passing arc aκi for a uniquely defined map
(34) κ : {1, . . . , n} → {0, . . . , n}.
Let t0, t1, . . . , tn ∈ R be a strictly increasing sequence such that f(t) = (0, 0, t)
for all t 6∈ [t0, tn], and for each i ∈ {1, . . . , n − 1}, p(f(ti)) is distinct from any
crossing and belongs to arc ai. Choose a base point x0 = (s, 0, 0) with sufficiently
large s ∈ R>0, a sufficiently small ǫ ∈ R>0, and define the following paths
(35) α0, βi, γi : [0, 1]→ R
3, i ∈ {0, . . . , n}, α0(t) = (ǫ cos(2πt),−ǫ sin(2πt), t0),
βi(t) = (1 − t)x0 + (f(ti) + (ǫ, 0, 0))t, γi(t) = f((1− t)ti + tt0) + (ǫ, 0, 0).
To each arc ai of D˜, we associate the homotopy class
(36) ei := [βi · γi · β¯0] ∈ π1(R
3 \ f(R), x0),
so that e0 = 1, and the Wirtinger generator
(37) wi := [βi · γi · α0 · γ¯i · β¯i] ∈ π1(R
3 \ f(R), x0).
We have the equalities
(38) wi = eiw0e
−1
i , ∀i ∈ {0, 1, . . . , n},
(39) ei = w
εi
κiei−1, ∀i ∈ {1, . . . , n},
where εi ∈ {±1} is the sign of the crossing ci, and
(40) ei = w
εi
κiw
εi−1
κi−1 · · ·w
ε1
κ1 , ∀i ∈ {1, . . . , n}.
We define the canonical meridian-longitude pair (m, ℓ) as follows
(41) m := w0, ℓ := en.
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Taking into account the condition
∑n
i=1 εi = 0, we see that ℓ has the trivial image
in H1(R
3 \ f(R),Z).
Let us show that the following finitely presented groups are isomorphic to the
knot group π1(R
3 \ f(R), x0):
(42) E := 〈m, e0, . . . , en | e0 = 1, ei = eκim
εie−1κi ei−1, 1 ≤ i ≤ n〉
and
(43) W := 〈w0, . . . , wn | w
εi
κiwi−1 = wiw
εi
κi , 1 ≤ i ≤ n〉.
As W is nothing else but the Wirtinger presentation of π1(R
3 \ f(R), x0), it suffices
to see the isomorphism E ≃ W . To see the latter, we remark that there are two
group homomorphisms
(44) u : W → E, wi 7→ eime
−1
i , i ∈ {0, 1, . . . , n},
and
(45) v : E →W, m 7→ w0, e0 7→ 1, ei 7→ w
εi
κiw
εi−1
κi−1 · · ·w
ε1
κ1 , ∀i ∈ {1, . . . , n}.
Indeed, we have
(46) u(wκi)
εiu(wi−1) = u(wi)u(wκi)
εi ⇔ u(wκi)
εiei−1me
−1
i−1 = eime
−1
i u(wκi)
εi
⇔ e−1i u(wκi)
εiei−1m = me
−1
i u(wκi)
εiei−1 ⇐ e
−1
i u(wκi)
εiei−1 = 1
⇔ ei = u(wκi)
εiei−1 ⇔ ei = eκim
εie−1κi ei−1
implying that u is a group homomorphism. We also have
(47) v(ei) = v(eκi)v(m)
εiv(eκi)
−1v(ei−1)⇔ v(ei)v(ei−1)
−1 = v(eκi)w
εi
0 v(eκi)
−1
⇔ wκi = v(eκi)w0v(eκi)
−1 ⇐ {wi = v(ei)w0v(ei)
−1}0≤i≤n
and, for all i ∈ {1, . . . , n},
(48) v(ei)w0 = w
εi
κi · · ·w
ε1
κ1w0 = w
εi
κi · · ·w
ε2
κ2w1w
ε1
κ1 = . . .
= wεiκi · · ·w
εk
κkwk−1w
εk−1
κk−1 · · ·w
ε1
κ1 = · · · = wiw
εi
κi · · ·w
ε1
κ1 = wiv(ei)
implying that v is a group homomorphism as well.
It remains to show that v◦u = idW and u◦v = idE . Indeed, for all i ∈ {0, . . . , n},
we have
(49) v(u(wi)) = v(eime
−1
i ) = v(ei)v(m)v(ei)
−1 = v(ei)w0v(ei)
−1 = wi
implying that v ◦ u = idW . We prove that u(v(ei)) = ei for all i ∈ {0, . . . , n} by
recursion on i. For i = 0, we have
(50) u(v(e0)) = u(1) = 1 = e0.
Assuming that u(v(ek−1)) = ek−1 for some k ∈ {1, . . . , n− 1}, we calculate
(51) u(v(ek)) = u(w
εk
κkv(ek−1)) = u(wκk)
εku(v(ek−1)) = eκkm
εke−1κk ek−1 = ek.
Now, any element g of the set (Jσ(rG,µ)(D))(λ, 1) is a map
(52) g : {0, 1, . . . , n} → G
such that
(53) g0 = 1, gn = λ, gi = gκiµ
εig−1κi gi−1, ∀i ∈ {1, . . . , n}.
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That means that g determines a unique group homomorphism
(54) hg : E → G
such that hg(m) = µ and hg(ei) = gi for all i ∈ {0, 1, . . . , n}. On the other hand,
any group homomorphism h : E → G such that h(m) = µ and h(ℓ) = λ is of the
form h = hg where gi = h(ei). Thus, the map g 7→ hg is a set-theoretical bijection
between (Jσ(rG,µ)(D))(λ, 1) and the set of group homomorphisms (32). 
3.2. An extended Heisenberg group. Let R be a commutative unital ring and
G, the subgroup of GL(3, R) given by upper triangular matrices of the form
(55)
a b d0 1 c
0 0 a
 , a ∈ U(R), (b, c, d) ∈ R3,
where U(R) is the group of units of R. Then, the elements
(56) µ =
t 0 00 1 0
0 0 t
 , λ =
1 0 s0 1 0
0 0 1
 ,
commute with each other for any t ∈ U(R) and s ∈ R. Given the fact that G is an
algebraic group, the invariant (Jρ(rG,µ)(D))(λ, 1) factorises through an ideal ID in
the polynomial algebra Q[t, t−1, s]. Examples of calculations show that this ideal
is often principal and is generated by the polynomial ∆Ds where ∆D := ∆D(t) is
the Alexander polynomial of D. Nonetheless, there are examples for which this is
not the case, at least if the Alexander polynomial has roots of high multiplicity.
For example, as is seen from Fig. 1, the knots 810 and 820 have different Alexander
polynomials but one and the same ideal, while the knots 818 and 924 have one and
the same Alexander polynomial but different ideals.
knot ∆D ID
31 1− t+ t2 (∆31s)
41 1− 3t+ t2 (∆41s)
62 1− 3t+ 3t2 − 3t3 + t4 (∆62s)
810 ∆
3
31 (∆31s, s
2)
818 ∆41∆
2
31 (∆41∆31s)
820 ∆
2
31 (∆31s, s
2)
924 ∆41∆
2
31 (∆41∆31s,∆41s
2)
1099 ∆
4
31 (∆31s, s
2)
10123 ∆
2
62 (∆62s)
10137 ∆
2
41 (∆41s, s
2)
11a5 ∆
3
41 (∆41s, s
2)
Figure 1. Examples of calculation.
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4. Invariants from Hopf algebras
Let Hopf
K
be the category of Hopf algebras over a field K with invertible an-
tipode. We have a contravariant endofunctor (·)o : Hopf
K
→ Hopf
K
that asso-
ciates to a Hopf algebra H with the multiplication ∇ its restricted dual
(57) Ho := (∇∗)−1(H∗ ⊗H∗)
that can also be identified with the vector subspace of the algebraic dual H∗ gen-
erated by all matrix coefficients of all finite dimensional representations of H [3].
Following [11], Drinfeld’s quantum double of H ∈ ObHopf
K
is a Hopf algebra
D(H) ∈ ObHopf
K
uniquely determined by the property that there are two Hopf
algebra inclusions
(58) ı : H → D(H),  : Ho,op → D(H)
such that D(H) is generated by their images subject to the commutation relations
(59) (f)ı(x) = 〈f(1), x(1)〉〈f(3), S(x(3))〉ı(x(2))(f(2)), ∀(x, f) ∈ H ×H
o,
where we use Sweedler’s notation for the comultiplication
(60) ∆(x) = x(1) ⊗ x(2), (∆⊗ id)(∆(x)) = x(1) ⊗ x(2) ⊗ x(3), . . .
The restricted dual of the quantum double (D(H))o is a dual quasitriangular
Hopf algebra with the dual universal R-matrix
(61) ̺ : (D(H))o ⊗ (D(H))o → K, x⊗ y 7→ 〈x, (ıo(y))〉
which, among other things, satisfies the Yang–Baxter relation
(62) ̺1,2 ∗ ̺1,3 ∗ ̺2,3 = ̺2,3 ∗ ̺1,3 ∗ ̺1,2
in the convolution algebra (((D(H))o)⊗3)∗, and any finite-dimensional right comod-
ule
(63) V → V ⊗ (D(H))o, v 7→ v(0) ⊗ v(1),
gives rise to a rigid R-matrix
(64) rV : V ⊗ V → V ⊗ V, u⊗ v 7→ v(0) ⊗ u(0)〈̺, u(1) ⊗ v(1)〉.
This implies that there exists a universal invariant of long knots ZH(K) taking its
values in the convolution algebra ((D(H))o)∗ such that
(65) JrV (K)v = v(0)〈ZH(K), v(1)〉, ∀v ∈ V.
Remark 4. If H is a finite-dimensional Hopf algebra with a linear basis {ei}i∈I
and {ei}i∈I is the dual linear basis of H∗, then, the dual universal R-matrix is
conjugate to the universal R-matrix
(66) R :=
∑
i∈I
(ei)⊗ ı(ei) ∈ D(H)⊗D(H)
in the sense that, for any x, y ∈ (D(H))o = (D(H))∗, we have
(67) 〈x⊗ y,R〉 =
∑
i∈I
〈x, (ei)〉〈y, ı(ei)〉 =
∑
i∈I
〈x, (ei)〉〈ıo(y), ei〉
=
〈
x, 
(∑
i∈I
〈ıo(y), ei〉e
i
)〉
= 〈x,  (ıo(y))〉 = 〈̺, x⊗ y〉.
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In the infinite-dimensional case, formula (66) is formal but it is a convenient and
useful tool for actual calculations.
Remark 5. The algebra inclusion D(H) ⊂ ((D(H))o)∗ allows to think of the
convolution algebra ((D(H))o)∗ as a certain algebra completion of the quantum
double D(H).
4.1. A Hopf algebra associated to a two-dimensional Lie group. Let B be
the commutative Hopf algebra over C generated by an invertible group-like element
a and element b with the coproduct
(68) ∆(b) = a⊗ b+ b⊗ 1
so that the set of monomials {bman | (m,n) ∈ Z≥0 × Z} is a linear basis of B.
The restricted dual Hopf algebra Bo is generated by two primitive elements ψ
and φ and group-like elements
(69) uψ, evφ, (u, v) ∈ C 6=0 × C,
which satisfy the commutation relations
(70) [ψ, φ] = φ, [ψ, evφ] = vφevφ, uψφu−ψ = uφ, uψevφu−ψ = euvφ,
[ψ, uψ] = [φ, evφ] = 0.
As linear forms on B, they are defined by the relations
(71) 〈ψ, bman〉 = δm,0n, 〈φ, b
man〉 = δm,1,
〈uψ, bman〉 = δm,0u
n, 〈evφ, bman〉 = vm, ∀(m,n) ∈ Z≥0 × Z.
Using the notation x˙ := ı(x) for x ∈ {a, b}, y˙ := (y) for y ∈ {ψ, φ} and
(72) uψ˙ := (uψ), evφ˙ := (evψ),
the commutation relations (59) in the case of the quantum double D(B) take the
form
(73) [ψ˙, b˙] = b˙, [φ˙, b˙] = 1− a˙, uψ˙ b˙u−ψ˙ = ub˙, evφ˙b˙e−vφ˙ = b˙+ (1 − a˙)v
and a˙ is central. The formal universal R-matrix that reads as
(74) R := (1⊗ a˙)ψ˙⊗1eφ˙⊗b˙ =
∑
m,n≥0
1
n!
(
ψ˙
m
)
φ˙n ⊗ (1− a˙)mb˙n
should be interpreted as follows.
Any finite dimensional right comodule V over (D(B))o is a left module over
D(B) defined by
(75) xv = v(0)〈v(1), x〉, ∀(x, v) ∈ D(B)× V.
Thus, it suffices to make sense of formula (74) in the case of an arbirary finite-
dimensional representation ofD(B) where the elements 1−a˙, b˙ and φ˙ are necessarily
nilpotent, so that the formal infinite double sum truncates to a well defined finite
sum.
Conjecture 1. The universal invariant associated to the Hopf algebra B is of
the form ZB(K) = (∆K(a˙))
−1 where ∆K(t) is the Alexander polynomial of K
normalised so that ∆K(1) = 1 and ∆K(t) = ∆K(1/t).
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By direct computation, we were able to prove this conjecture in the case of the
trefoil knot. Justification in the general case comes from the following reasoning.
The Hopf algebra B can be q-deformed to a non-commutative Hopf algebra Bq
with the same coalgebra structure (68) but with q-comutative relation ab = qba.
We have B = B1. For q not a root of unity, the quantum double D(Bq) is closely
related to the quantum group Uq(sl2). In particular, for each n ∈ Z>0, it admits an
n-dimensional irreducible representation corresponding to the n-th colored Jones
polynomial. In the limit n→∞ with q = t1/n and fixed t, one recovers an infinite-
dimensional representation of the Hopf algebra D(B) where the central element a˙
takes the value t. On the other hand, according to the Melvin–Morton–Rozansky
conjecture proven by Bar-Nathan and Garoufalidis in [1] and by Garoufalidis and
Leˆ in [5], the n-th colored Jones polynomial in that limit tends to (∆K(t))
−1.
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